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ABSTRACT
The join operation of relational algebra is a cornerstone of
relational database systems. Computing the join of several
relations is NP-hard in general, whereas special (and typi-
cal) cases are tractable. This paper considers joins having
an acyclic join graph, for which current methods initially
apply a full reducer to efficiently eliminate tuples that will
not contribute to the result of the join. From a worst-case
perspective, previous algorithms for computing an acyclic
join of k fully reduced relations, occupying a total of n ≥ k
blocks on disk, use Ω((n + z)k) I/Os, where z is the size of
the join result in blocks.

In this paper we show how to compute the join in a time
bound that is within a constant factor of the cost of running
a full reducer plus sorting the output. For a broad class
of acyclic join graphs this is O(sort(n + z)) I/Os, remov-
ing the dependence on k from previous bounds. Traditional
methods decompose the join into a number of binary joins,
which are then carried out one by one. Departing from this
approach, our technique is based on computing the size of
certain subsets of the result, and using these sizes to com-
pute the location(s) of each data item in the result.

Finally, as an initial study of cyclic joins in the I/O model,
we show how to compute a join whose join graph is a 3-cycle,
in O(n2/m + sort(n + z)) I/Os, where m is the number of
blocks in internal memory.
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H.2 [Database management]: Systems—Relational databases
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Algorithms, Performance, Reliability, Theory
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1. INTRODUCTION
The relational model and relational algebra, due to Edgar

F. Codd [3] underlies the majority of today’s database man-
agement systems. Essential to the ability to express queries
in relational algebra is the natural join operation, and its
variants. In a typical relational algebra expression there will
be a number of joins. Determining how to compute these
joins in a database management system is at the heart of
query optimization, a long-standing and active field of de-
velopment in academic and industrial database research. A
very challenging case, and the topic of most database re-
search, is when data is so large that it needs to reside on
secondary memory. In that case the performance bottle-
neck is the number of block transfers between internal and
external memory needed to perform the computation. We
will consider this scenario, as formalized in the I/O model of
Aggarwal and Vitter [1]. We remark that increasingly, the
caching system on the RAM of modern computers means
that algorithms developed for external memory, with their
parameters suitably set, have a performance advantage on
internal memory as well.

In contrast to much of the database literature, our em-
phasis will be on worst case complexity. While today’s
database management systems usually perform much better
than their worst case analysis, we believe that expanding the
set of queries for which good worst case performance can be
guaranteed would have a very positive impact on the relia-
bility, and thus utility, of database management systems.

The worst case complexity of computing a binary join in
the I/O model is well understood in general – essentially the
problem is equivalent to sorting [1]. When more than two
relations have to be joined, today’s methods use a sequence
of binary join operations. Since the natural join operator
is associative and commutative, this gives a great deal of
choice: We may join k relations in 2Ω(k)k! different ways
(corresponding to the unordered, rooted, binary trees with
k labeled leaves). The time to compute the join can vary a
lot depending on which choice is made, because some join or-
ders may give much larger intermediate results than others.
Research in query optimization has shown that finding the
most efficient join order is a computationally hard problem
in general (see e.g. [6, 8]). The best algorithms use sophis-
ticated methods for estimating sizes of intermediate results
(see e.g. [4]).

More theoretical research has considered the question of
what joins are tractable. The problem is known to be NP-



hard in general [10], but the special case of joins having an
acyclic join graph has been known for many years to be solv-
able in time polynomial in the sizes n and z of the input and
output relations [15, 16]. In internal memory, Willard [14]
has shown how to reduce the complexity of acyclic joins
involving n words of data to O(n(log n)O(1) + z) if the num-
ber k of relations is a constant, even when the join condi-
tion involves arbitrary equalities and inequalities. However,
Willard’s algorithm does not have a good dependence on k
– the time is Ω(kn) for natural join, and for general expres-
sions the dependence on k is exponential.

The main conceptual contribution of this paper is that
we depart from the idea of basing join computation on a
sequence of binary joins. This is an essential change: We
will show that any method based on binary joins, even if
it always finds the optimal join order, has a multiplicative
overhead of Ω(k) compared to the time for reading and writ-
ing all input and output data.

Our main technical contribution is a worst case efficient
algorithm for computing acyclic joins, whose complexity is
independent of the number of relations. Instead, the com-
plexity can be bounded in terms of the amount of data that
goes into all possible binary joins among the relations, count-
ing only data in shared attributes, plus the size of the in-
put and output. For example, if each attribute occurs O(1)
times, the complexity is within a constant factor of the cost
of sorting the input and output relations. The algorithm is
simple enough to be of practical interest.

1.1 Background and previous work

1.1.1 Query optimizer architecture.
Query processing in relational databases is a complex sub-

ject due to the power of query languages. Current query
optimizers use an approach first described in [12], based on
relational algebra [3]. The basic idea is to consider many
equivalent relational algebra expressions for the query, and
base the computation on the expression that is likely to yield
the smallest execution time. The best candidate is deter-
mined using heuristics or estimates of sizes of intermedi-
ate results. When computing a join, the possible relational
algebra expressions correspond to expression trees with k
leaves/relations. Some query optimizers consider only “left-
deep join trees”, which are highly unbalanced trees, to re-
duce the search space. In some cases such an approach has
led to a large overhead, intuitively because data from the
first joins had to be copied in all subsequent joins. Ap-
proaches based on more balanced “bushy trees” have yielded
better results in such cases. (See [9] for a discussion on left-
deep versus bushy trees.) Note, however, that even in a
completely balanced tree with k leaves, most leaves will be
at depth log k − O(1). Thus, data from the corresponding
relations needs to be read (and written) in connection with
about log k joins before it can appear in the result. Fur-
thermore, there exist joins for which the best tree is highly
unbalanced (see Section 3.1).

1.1.2 Speedup techniques.
Pipelining is sometimes used to achieve a speedup by us-

ing any available memory to start subsequent joins “in par-
allel” with an on-going join, thus avoiding to write an in-
termediate result to disk. However, the speedup factor is at
most constant unless an involved relation (or intermediate

result) fits in internal memory. Binary join algorithms based
on hashing can give better performance in the case where
one relation is much smaller than the other, but again this
is at most a constant factor speedup.

Indexing, i.e., clever preprocessing of individual relations,
is another way of speeding up some joins. The gain comes
from bypassing a sorting step, and in many practical cases by
being able to skip reading large parts of a relation. However,
from a worst-case perspective the savings on this technique
is not more than the time for sorting the individual rela-
tions. Thus the previously mentioned Ω(k) factor persists.
Special join indexes that maintain information on the join
of two or more relations are sometimes used in situations
where the same relations are joined often. However, main-
taining join indexes for many different sets of relations is not
feasible (because of time and space usage), so this technique
is impractical for solving the general, ad-hoc join problem.

1.1.3 Acyclic joins.
Some joins suffer from extremely large intermediate re-

sults, no matter what join ordering is chosen. This is true
even for joins that have no tuples in the final result. In typ-
ical cases, where the join graph is acyclic (see Section 2.1
for definitions), it is known how to avoid intermediate re-
sults that are larger than the final result by making k − 1
semijoins with the purpose of eliminating “dangling tuples”
that can never be part of the final result. Such an algo-
rithm, eliminating all tuples that are not part of the final
result, is known as a “full reducer”. Using a full reducer
based on semijoins is, to our knowledge, the only known
way of avoiding intermediate results much larger than the
final result. Thus, using a full reducer is necessary in current
algorithms if good worst-case performance is required. As
our main algorithm mimics the structure of a full reducer,
we further describe its implementation in Section 4.

1.1.4 Further reading.
For a recent overview of query optimization techniques

we refer to [7]. We end our discussion of query optimization
with a quote from the newest edition of a standard reference
book on database systems [5]: “Relational query optimiza-
tion is a difficult problem, and the theoretical results in the
space can be especially discouraging. [...] Fortunately, query
optimization is an arena where negative theoretical results
at the extremes do not spell disaster in most practical cases.
[...] The limitation of the number of joins is a fact that users
have learned to live with, [...]”.

1.2 Our main result
In this paper we present a new approach to computation

of multiple joins for the case of acyclic join graphs (see Sec-
tion 2.1 for definitions). The new technique gives a worst
case efficient, deterministic algorithm, that is free from the
dependence on the number of relations exhibited by previous
techniques.

Theorem 1. Let k ≤ m relations, having an acyclic join
graph, be given. We can compute the natural join of the
relations, occupying z blocks on disk, in O(treduce + sort(z))
I/Os, where treduce is the time for running a semijoin based
full reducer algorithm on the relations, and sort(z) is the
time for sorting z blocks of data.

Our use of the sort() notation is slightly unusual, in that
we have not specified how many data items can be in a block,



and the complexity of sorting depends on the total number
of items, not just on the number of blocks. However, for
reasonable parameters (e.g., if the number of items in a block

is bounded by m1−Ω(1)), the actual number of items does not
affect the asymptotic complexity. Note that the statement
above allows for variable-length data in the relations.

The value of treduce depends on the join graph, and on the
data in the relations. Essentially, a full reducer performs
a number of binary semijoins on (subsets of) the relations,
each of which boils down to sorting the data in the com-
mon attributes of the two relations. The complexity can
thus be bounded in terms of the amount of data in com-
mon attributes of these semijoins. It is possible to construct
examples where treduce = Ω(k sort(n)). However, in most
“reasonable” cases the value is O(sort(n)). For example, if
each attribute occurs only in a constant number of relations
(independent of k) we have treduce = O(sort(n)).

In internal memory all sorting steps of our algorithm can
be replaced by hashing (since it suffices to identify identical
values). Hence, in those cases where treduce = O(sort(n)),
we get a randomized, expected linear time algorithm for
internal memory.

1.3 Overview of paper
Section 2 contains definitions and notation used through-

out the paper, as well as a description of our model and
assumptions. Section 3 discusses star schemas, a case in
which algorithms based on binary joins perform poorly in
the worst case. We then present a worst-case efficient algo-
rithm for star schemas, to illustrate the main ideas of our
general algorithm. We survey known ways of implement-
ing a full reducer in Section 4, to be able to describe our
algorithm relative to them. In Section 5 we present our
algorithm for joins with acyclic join graphs. Finally, in Sec-
tion 6 we present our algorithm for joins whose join graph
is a 3-cycle.

2. PRELIMINARIES

2.1 Definitions and notation
Let A be a set, called the set of attributes, and let for each

attribute a ∈ A correspond a set dom(a) called the domain
of that attribute. In the context of databases, a relation R
with attribute set AR ⊆ A is a set of functions from AR,
such that all function values on a ∈ AR belong to dom(a).
We deal only with relations having a finite set of attributes
and tuples. Since a function can be represented as a tuple
of |AR| values, the functions are referred to as tuples (this
is also the usual definition of a relation).

Consider two relations R1 and R2, having attribute sets
AR1 and AR2 , respectively. The natural join of R1 and
R2, denoted R1 ⊲⊳ R2, is the relation that has attribute set
AR1 ∪ AR2 , and contains all tuples t for which t|AR1

∈ R1

and t|AR2
∈ R2. In other words, R1 ⊲⊳ R2 contains all

tuples that agree with some tuple in R1 as well as some
tuple in R2 on their common domain. The restriction of
the tuples in a relation R to attributes in a set A′ (referred
to as projection) is denoted πA′(R) in relational algebra.
Thus, R1 ⊲⊳ R2 is the maximal set R of tuples for which
πAR1

(R) = R1 and πAR2
(R) = R2. A more general kind of

join, called an equijoin, allows tuples to be combined based
on an arbitrary set of equality conditions. However, it is
easy to see that any equi-join can be reduced to a natural

join by “renaming attributes”. The semijoin R1 ⋉ R2 is a
shorthand for πAR1

(R1 ⊲⊳ R2). In words, it computes the
tuples of R1 that contribute to the join R1 ⊲⊳ R2.

It is easy to see that natural join is associative and com-
mutative. Thus is makes sense to speak of the natural join
of relations R1, . . . , Rk, denoted R1 ⊲⊳ · · · ⊲⊳ Rk. We will
consider the join graph, which is the hypergraph having the
set of all attributes as vertices, and the sets AR1 , . . . , ARk

as edges. The join graph is called acyclic if there exists a
tree with k vertices, identified with the relations R1, . . . , Rk

(and thus associated with the sets AR1 , . . . , ARk
), such that

for any i and j, ARi
∩ ARj

is a subset of all attribute sets
on the path from Ri to Rj . It is known how to efficiently
determine whether a join graph is acyclic, and construct a
corresponding tree structure if it is [16].

We briefly discuss the notion of acyclicity. For a join
graph to be cyclic a necessary (but not sufficient) condi-
tion is that there exists a cycle, i.e., a sequence of attribute
sets ARi0

, ARi1
, . . . , ARiℓ−1

, ℓ ≥ 3 such that:

• ARij
∩ ARi(j+1) mod ℓ

6= ∅, for j = 0, . . . , ℓ − 1

• No set in the sequence is contained in another.

In the case where all attribute sets have size two (a nor-
mal graph), the join graph is acyclic exactly if it is a forest
(collection of trees).

2.2 Model and assumptions
Our algorithms are for the I/O model of computation [1],

the classical model for analyzing disk-based algorithms. The
complexity measure of the model is the number of block
transfers between internal and external memory. We let n
and m denote, respectively, the number of input blocks (con-
taining the relations to be joined) and the number of disk
blocks fitting in internal memory. Since we deal with rela-
tions that can have attribute values of varying sizes, we do
not have fixed-size data items, as in many algorithms in this
model. Therefore the parameter B, usually used to spec-
ify the “number of items in a disk block” does not apply.
We will simply express our bounds in terms of the num-
ber of disk blocks that are inputs to some sorting step, and
the number of disk blocks read and written in addition to
sorting. To simplify matters, we make the reasonable as-
sumption that m ≥ k. In particular, we can assume without
loss of generality that n > k.

As for the input and output representation, we assume
that all relations are stored as a sequence of tuples. A tuple,
in turn, is a sequence of attribute values (in some standard
order). The encoding of values of an attribute a is given by
an arbitrary, efficiently decodable prefix code for the domain
dom(a).

3. PRIMER: STAR SCHEMAS
As a warm-up for our general algorithm, we consider the

special case of star schemas. We first show that algorithms
based on binary joins perform poorly in the worst case, and
then show a more efficient algorithm.

3.1 Worst case behavior of current algorithms
In this section we give, for any k and z, where k < z1−Ω(1)

and m = o(z), an example of an acyclic join R1 ⊲⊳ · · · ⊲⊳ Rk

where:



• The result of the join occupies z blocks on disk.

• The relations occupy n ≤ z blocks on disk.

• Any algorithm computing the join using a sequence of
binary joins will use Ω(zk) I/Os.

We consider a star schema where the sets AR2 , . . . , ARk

of attributes are of size 2 and disjoint, but each intersecting
AR1 in one attribute. All domains have encodings of the
same, fixed length (large enough to encode unique values
for all tuples). Our example will be such that each tuple
in R1 matches exactly one tuple in each of R2, . . . , Rk. In
particular, the size z of the result of the join is twice the
size of R1 (in disk blocks). We let each of the relations
R2, . . . , Rk occupy at most z/(2k) blocks each. In particular,

each of R2, . . . , Rk consist of zΩ(1) blocks. Note that it is
possible to choose the contents of the relations such that the
join is fully reduced, assuming that k is larger than some
constant (which we may assume without loss of generality).

We will argue that no matter how the join is computed,
the total size of the intermediate results is Ω(zk) blocks.
This means that most intermediate results cannot fit in in-
ternal memory, and in particular Ω(zk) I/Os are needed.
Consider an arbitrary expression tree for the join. If there
is a subexpression with a result of z2 blocks or more, we are
done. Otherwise, we argue that the path from the leaf con-
taining R1 to the root has length Ω(k). This is because any
subexpression that does not include R1 must involve O(1)
relations, since these subexpressions are cartesian products
of relations having at least zΩ(1) tuples (using that any block
is large enough to hold at least one tuple). Thus, there are
Ω(k) intermediate results of size Ω(z), finishing the argu-
ment.

Note that since n ≤ z, we can alternatively state the lower
bound as Ω((n + z)k) I/Os.

3.2 Worst-case efficient algorithm
We now describe a simple, worst-case efficient algorithm

for star schemas that introduces some of the main ideas of
our general algorithm. The characteristic feature of a star
schema is that any two attribute sets are disjoint, except for
pairs involving R1, the “center” of the star, which shares
one or more attributes with any other relation.

3.2.1 Simple case
Let us first consider the case in which the attributes of

R1 are foreign key references to R2, . . . , Rk. That is, every
tuple of R1 matches exactly one tuple in each of R2, . . . , Rk.
Note that this holds for the worst-case example described
above.

First of all, we know that there will be |R1| tuples in
the result. We will output these tuples in the same order
as the corresponding tuples appear in R1. To this end, we
consider the relation R′

1 which is R1 with an extra attribute
row added, containing the “row number” of each tuple. Now,
for each i ≥ 2, compute

Ti = π(AR1
∩ARi

)∪{row}(R
′
1) .

This can be done simultaneously for all i in a single scan
of R1, because of the assumption m ≥ k. Notice that the
number of I/Os used is O(n). Then, for i ≥ 2 compute

Ui = π(ARi
\AR1

)∪{row}(Ti ⊲⊳ Ri) .

This involves binary joins on data of total size O(n).
It is not hard to see that the result of the star join can

now be computed using the following relational algebra ex-
pression:

π∪iARi
(R′

1 ⊲⊳ U2 ⊲⊳ · · · ⊲⊳ Uk) .

The relations in this join have exactly one common attribute,
row. This means that the join can be computed by sorting
all the participating relations according to row, and forming
output tuples from the sets of k adjacent tuples with the
same row value.

Conceptually, what happened was that we labeled (in Ui)
all tuples of R2, . . . , Rk with the location in the result in
which they should appear. This made it possible to assemble
the final result with no intermediate results.

3.2.2 General case
Consider now the general case in which a tuple in R1

can match any number of tuples (including zero) in each of
R2, . . . , Rk. We introduce R′

i for i ≥ 2, which is Ri with
an extra attribute row2 containing the row number of each
tuple. Compute the relations Ti as in the simple case, and
let, for i ≥ 2

U ′
i = π{row,row2}(Ti ⊲⊳ R′

i) .

Now there can be any number of tuples in U ′
i with a given

value in the row attribute. By sorting U ′
i for all i according

to row we can determine for each tuple in R1 the number of
matching tuples in each of the other relations. This allows
us to compute the number st of occurrences of a given tuple
t ∈ R1 in the final result, i.e., the number of tuples that
would no longer be in the join result if t was removed from
R1. This is the product of the number of matches in each of
the other relations. We will produce the output such that all
tuples containing row number 1 from R1 come first, followed
by tuples containing row number 2, etc. By computing a
prefix sum of the st values, we can determine for each t ∈ R1

in which output tuples (i.e., in which row numbers) it should
occur.

Finally this information needs to be propagated to the
other relations. For a given tuple t ∈ R1 with st > 0 occur-
rences we decide in an arbitrary way how the corresponding
st tuples (essentially a cartesian product of the matching tu-
ples from R2, . . . , Rk) should be formed. This gives for each
(j1, j2) ∈ U ′

i a list of result tuples in which row number j1
from R1 and row number j2 from Ri should occur. Sorting
these according to row2 we get for each tuple t ∈ Ri, i ≥ 2,
the set Lt of output tuples in which it should occur. Creat-
ing |Lt| duplicates of t, marked with the row numbers in Lt,
and sorting these by row number gives the desired result.

As in the simple case, the amount of data processed in
scans and joins is O(n) blocks, except for the final sorting
step which involves O(z) blocks of data. In conclusion, the
algorithm uses O(sort(n + z)) I/Os.

4. FULL REDUCERS
We consider the join R1 ⊲⊳ · · · ⊲⊳ Rk, where the join graph

is acyclic. The goal of a full reducer is to remove all tuples
from the relations that do not contribute to the result of
the join, i.e., whose removal would leave the join result the
same. Here, we will describe a well-known construction,
namely how to implement a full reducer using a sequence
of semijoins. (This seems to be the only known approach.)



The description of our join algorithm in Section 5 will be
based on the description below, as our algorithm has the
same overall structure. We leave open several choices that
affect the efficiency (but do not affect the correctness) of the
full reducer, such as determining the best order of computing
the semijoins. This is an interesting research question of its
own (see e.g. [11]), but the only goal here is to relate the
complexity of our join algorithm to that of a semijoin based
full reducer.

4.1 First phase
The computation is guided by a tree computed from the

join graph, satisfying the requirement stated in Section 2.1.
We make the tree rooted by declaring an arbitrary node to
be the root. In the first phase of the algorithm, the relations
are processed according to a post-order traversal of the tree.
We renumber the relations such that they are processed in
the order Rk, Rk−1, Rk−2, . . . , and assign the tuples of each
relation Ri numbers 1, 2, . . . , |Ri| according to their position
in the representation of Ri. When processing a non-root
relation Rj , a semijoin is performed with its parent relation
Ri to eliminate all tuples of Ri that do not agree with any
tuple of Rj on their common attributes. This can be done
by sorting Ri and πARi

∩ARj
(Rj) according to the values

of attributes in ARi
∩ ARj

, and merging the two results.
The semijoin produces a subset of Ri that will replace Ri in
the subsequent computation (i.e., we remove dangling tuples
straight away, but keep referring to the relation as Ri).

4.2 Second phase
The second phase of the full reducer algorithm processes

the relations according to a pre-order traversal (e.g. in the
order R1, R2, R3, . . . ). It is analogous to the first phase, but
with the roles of parent and child swapped. When processing
a non-leaf relation Ri, we replace each of its children Rjℓ

,
ℓ = 1, . . . , r, by the result of the semijoin Rjℓ

⋉Ri. This can
be done efficiently by first computing Tℓ = πARi

∩ARjℓ
(Ri)

(for ℓ = 1, . . . , r at the same time), and then computing
the desired result as Rjℓ

⋉ Tℓ. It is easy to see that the
complexity of the second phase is no larger than that of the
first phase.

We refer to the exposition in [13] for an argument that
performing the semijoins as described does indeed fully re-
duce the relations.

4.3 Alternative first phase
In the first phase it will in some cases be more efficient to

consider the semijoins involving all children of Ri, call them
Rj1 , . . . , Rjr , at the same time, as follows:

1. For ℓ = 1, . . . , r compute the extended projection T ′
ℓ

which is equal to πARi
∩ARjℓ

(Ri) except that each tuple

is extended with an extra attribute row, whose value
is the position of the corresponding tuple in the rep-
resentation of Ri (i.e., the number of tuples is |Ri|).
This can be done for all ℓ in a single scan of Ri.

2. For ℓ = 1, . . . , r compute the set of row numbers in
Ri matching at least one tuple in Rjℓ

, i.e., πrow(T
′
ℓ ⋉

πARi
∩ARjℓ

(Rj)). The complexity of this is dominated

by the semijoin, which is computed by sorting the two
involved relations.

3. Sort the sets from step 2, compute their intersection,
and finally scan through Ri to eliminate all rows whose
number is not in the intersection.

We will not discuss in detail when to choose the latter alter-
native (let alone a mix of the two alternatives), but highlight
some cases in which it is particularly efficient. Consider the
amount of data in the common attributes of Ri and each of
its children, counting an attribute of Ri x times if it is an
attribute of x children. If this quantity is bounded by the
size of the representation of Ri and its children (times some
constant), then the complexity of this step of the algorithm
is bounded by a constant times the complexity of sorting
the involved relations. If this is true for all i, the entire first
phase is performed in sorting complexity.

In the following, we let treduce denote the currently best
known I/O complexity, for the join in question, of a full
reducer algorithm of the form described above.

5. ACYCLIC JOIN ALGORITHM
We consider computation of R1 ⊲⊳ · · · ⊲⊳ Rk, where the

join graph is acyclic. To simplify the exposition, we con-
sider the situation in which no attributes are from “small”
domains. Specifically, we assume that any domain is large
enough to encode a pointer to a tuple in the input and out-
put. We will need this assumption in the complexity analysis
since it means that the size of a pointer/counter is bounded
by the size of an attribute value. In Section 5.6 we sketch
how to modify the algorithm to handle also small domains
within the same I/O bound.

5.1 Overview
Our algorithm first applies a full reducer to the relations,

such that all remaining tuples will be part of the join result.
Then, if there exists a relation Ri whose set of attributes
is a subset of the attributes of another relation in the join,
it will not affect the join of the fully reduced relations, and
we may eliminate it. Thus, without loss of generality, we
assume that no such relation exists.

We renumber the relations as described in Section 4, and
number tuples according to their position in the represen-
tation of relations, using the induced order as an ordering
relation on the tuples. Any tuple in the result will be a com-
bination of tuples t1, . . . , tk from R1, . . . , Rk, respectively.
The order of the result tuples will be lexicographic, in the
following sense: For two result tuples t and t′, being com-
binations of t1, . . . , tk and t′1, . . . , t

′
k, respectively, t < t′ iff

there exists i such that t1 = t′1, . . . , ti−1 = t′i−1 and ti < t′i.
1

After applying the full reducer, our algorithm goes on to
a counting phase (Section 5.2) that works bottom-up in the
tree, mirroring the first phase of the full reducer algorithm.
At each node Ri this phase considers the join corresponding
to the subtree rooted at Ri, and computes for each tuple
t ∈ Ri the number of tuples of the subtree join, of which t is
part. (For comparison, the full reducer algorithm just keeps
track of whether these numbers are zero or nonzero.) The
counts are then used in an enumeration phase (Section 5.3)
that works top-down, but is otherwise rather different from
the second phase of the full reducer algorithm. This phase
computes for each tuple t ∈ Ri the positions of tuples in

1Note the underlying assumption that relations are sets, i.e.,
have no duplicate tuples. However, our algorithm will work
in the expected way in presence of duplicate tuples.



the result relation of which this tuple is part, i.e., whose
projection onto ARi

equals t. The positions will correspond
to the lexicographic order of the result tuples. Thus, the
output from the enumeration phase is a set of pairs (p, t),
where the tuple t should be part of row number p in the
result of the join. Sorting these pairs according to p, the k
tuples having a particular row number will end up together,
and it is trivial to form the joined tuples in a single scan.
Below we give the details of the counting and enumeration
phases. Figure 5.3 shows an example of how the algorithm
runs on a particular input.

5.2 Counting phase
Consider a relation Ri that has relations Rj1 , . . . , Rjl

as
descendants in the tree. For every tuple t ∈ Ri we wish to
compute the size st of {t} ⊲⊳ Rj1 ⊲⊳ · · · ⊲⊳ Rjl

. It might
be useful at this point to recall the first part of the algo-
rithm in Section 3.2.2 which does the same kind of count-
ing in a simplified setting. The computation is done for
i = k, k − 1, k − 2, . . . , i.e., going bottom-up in the tree. At
the leaves, all tuples have a count of 1. In the general step,
assume Rj1 , . . . , Rjr are the children of Ri, and that the
tuple counts for these relations have been computed. The
counts for tuples in Ri can now be computed by a slight ex-
tension of the procedure for computing semijoins involving
Ri and its children in the full reducer. The changes are:

• Extend tuples in Tℓ = πARi
∩ARjℓ

(Rjℓ
), ℓ = 1, . . . , r,

with an extra attribute s that contains, for each tuple
t ∈ Tℓ, the sum of counts for all tuples in Rjℓ

that
agree with Tℓ on their common attributes, i.e., whose
projection onto ARi

∩ARjℓ
equals t. This is easily done

by sorting Tℓ. In words, this gives the count of tuples
in the join of the relations in the subtree rooted by Rjℓ

for every value on the common attributes ARi
∩ARjℓ

.

• The count st for a tuple t ∈ Ri is the product of
the s-values of the matching tuples in the relations
πARi

∩ARjℓ
(Rjℓ

), for ℓ = 1, . . . , r. The s-values are

easily retrieved by performing the same sorting steps
as needed for the semijoins, no matter which of the two
variants described in Section 4 is used. Also, it is an
easy matter to keep track of the original positions of
tuples of Ri, such that the list of counts can be ordered
accordingly.

Figure 5.3 shows the result of the counting phase on the
example relations.

5.3 Enumeration phase
In this phase we annotate each tuple t in the input re-

lations with the row numbers of the final result of which
it should be part, generalizing the second part of the algo-
rithm in Section 3.2.2. More specifically, we compute for
each relation Ri a sorted list of disjoint intervals of result
row numbers, where each interval has some tuple t ∈ Ri as-
sociated (the actual tuple, not just its position in Ri). The
computation proceeds top-down, considering the relations
in the order R1, R2, R3, . . . . From the counting phase we
know the number of occurrences st of each tuple t ∈ R1 (the
root relation) in the final result. The positions of the tuples
in the lexicographic order of the result relation are intervals
whose boundaries are the prefix sums of the st values. (See
example in Figure 5.3.)

In the general step, when considering a non-leaf relation
Ri we have a number of intervals, each associated with a
tuple t ∈ Ri, and we wish to compute the intervals for the
children of Ri. The invariant is that any interval associated
with t has length st. Again, let Rj1 , . . . , Rjr denote the chil-
dren of Ri, j1 < · · · < jr. The first thing is to retrieve for
each tuple t, and ℓ = 1, . . . , r, the row numbers (in the rep-
resentation of Rjℓ

) of the matching tuples Rjℓ
⋉ {t}, along

with their counts. This can be done by first sorting accord-
ing to common attributes, merging, and then performing
another sorting to get the information in the same order
as the intervals. The result tuples in the interval of t, re-
stricted to the attributes ARj1

∪ · · · ∪ ARjr
, is the multiset

cartesian product of the sets Rjℓ
⋉ {t}, ℓ = 1, . . . , r, where

the multiplicity of a tuple is its count, ordered lexicographi-
cally. This means that we can form the correct intervals for
each relation, associated with row numbers.

5.4 Correctness
We now sketch the argument for correctness of our al-

gorithm. It builds on the following observation on acyclic
joins: If, for some relation Ri, we remove the vertices ARi

from the join graph, this splits the graph into several con-
nected components (some components may be the empty
set). For t ∈ Ri, the set of result tuples containing t (i.e.,
R1 ⊲⊳ · · · ⊲⊳ Ri−1 ⊲⊳ {t} ⊲⊳ Ri+1 ⊲⊳ · · · ⊲⊳ Rk) is the cartesian
product of the tuples matching t in the join of the relations
in each of these components. Consider the tree derived from
the (original) join graph. If we split this into subtrees by re-
moving the node corresponding to Ri, each part corresponds
to one or more connected components in the join graph with
ARi

removed (this follows from the definition of acyclicity).
Thus, the result tuples containing t ∈ Ri are a cartesian
product of the matching tuples in the joins of each subtree
under Ri and the join of the remaining relations.

This implies both that the counts computed in the count-
ing phase are correct, and that the enumeration phase forms
the correct output.

5.5 Complexity
We account for the work done by the algorithm that is

not captured by the O(treduce) term:

• The work spent on the counts in the counting phase.

• The work spent on the intervals in the enumeration
phase.

Note that by acyclicity, and since no set of attributes is
contained in another, it follows that each relation has at least
one unique attribute. First consider the counting phase:
Any count can be matched uniquely to an attribute value
in the output (that of the unique attribute of the tuple),
and each count is part of the input to a constant number
of sorting steps, so the added complexity is O(sort(z)). In
the enumeration phase, the number of intervals is bounded
by the number of attribute values in the output. Thus, the
total size of the encoding of all intervals is at most z blocks.
The cost of handling counts in this phase is the same as in
the counting phase. In conclusion, for both passes the total
size of the input to all sorting algorithms is O(z) blocks, plus
the amount of data sorted in the full reducer (times some
constant). The complexity stated in Theorem 1 follows.



Consider the join of the following relation instances:

A B

1 22
2 99
3 55
4 55
5 66

R1

B C

22 111
22 888
55 222
55 333
66 777

R2

C D

111 a
222 c
222 e
333 d
888 b

R3

(The relations are not fully reduced, but this does not affect
the correctness of the algorithm.)
We choose R1 as root and R3 as leaf of the tree R1–R2–R3.
The counting phase computes occurrence counts for tuples
in R3, R2, and R1 (in that order) as follows:

A B cR1

1 22 2
2 99 0
3 55 3
4 55 3
5 66 0

B C cR2

22 111 1
22 888 1
55 222 2
55 333 1
66 777 0

C D cR3

111 a 1
222 c 1
222 e 1
333 d 1
888 b 1

Then the prefix sums of the counts of R1 are computed,
and we associate an interval of row numbers in the final
join result with each tuple:

A B iR1

1 22 [1;2]
2 99 ∅
3 55 [3;5]
4 55 [6;8]
5 66 ∅

From the intervals on the tuples of R1 we can compute the
intervals for R2 by joining on B:

B C iR2

22 111 [1;1]
22 888 [2;2]
55 222 [3;4], [6;7]
55 333 [5;5], [8;8]
66 777 ∅

From the intervals of R2, and with no need for the informa-
tion on R1, we can compute the positions for tuples in R3

by joining on C:

C D iR3

111 a [1;1]
222 c [3;3], [6;6]
222 e [4;4], [7;7]
333 d [5;5], [8;8]
888 b [2;2]

The row number intervals associated with all tuples allow
us to form the join result: First split intervals with more
than one row number into ”intervals” of one row, then sort
according to row number (keeping track of which relation
each tuple belongs to). A single scan then gives the result
tuples.

Figure 1: Example run of the acyclic join algorithm.

5.6 Handling small domains
In this section we sketch the main ideas that go into ex-

tending our results to hold regardless of the attributes’ do-
main sizes. The main technique is to keep the representation
size of the various numbers (tuple references, intervals, and
counts) down by efficient encoding. For example, counts in
the counting phase should be coded in an efficient prefix
code such that a count of x is encoded in O(log(x+2)) bits.
The interval boundaries in the enumeration phase should be
difference coded , i.e., each number should be encoded as the
difference from the previous number, using an efficient pre-
fix code for the integers. Since the intervals appear in sorted
order, this reduces the size of the representation of intervals
to O(k) bits per result tuple. Finally, when performing joins
over attributes from a small domain the associated row num-
bers may dominate the complexity. Again, the resort is to
maintain row numbers in sorted order and difference coded
(using, e.g., multi-way mergesort). This keeps the cost of
performing the join down to a constant factor times the cost
of sorting the common attributes.

6. 3-CYCLE JOIN GRAPHS
In this section we sketch our algorithm for computing the

join of three relations whose join graph is a 3-cycle, i.e.,
where any pair has a common attribute not shared by the
third relation. In this case there are examples in which the
join of any two relations has quadratic size, even though
there are no tuples in the final result. Consider for example
three relations with schemas (a,b), (b,c), and (a,c), each
containing the following set of 2N tuples:

{(0, i), (i, 0) | i = 1, 2, . . . , N} .

There are no dangling tuples, and the join of any two of the
relations has N2 tuples.

Our algorithm starts by sorting each pair of relations ac-
cording to their common attributes with each of the other
relations. To each possible value on the common attributes
we can then associate a unique integer. This allows us to
reduce the problem to the case of relations R1, R2, R3 with
schemas (a,b), (b,c), and (a,c), respectively. We make
sure that the same value is not used for two distinct at-
tributes.

The basic idea is to associate with each distinct attribute
value x a random number hx from some large range {1, . . . , L}.
This is done using sorting. To a tuple t ∈ R1 we associate
the value ht(a) − ht(b), and similarly to a tuple t ∈ R2 we
associate the value ht(b) − ht(c). Finally, to a tuple t ∈ R3

we associate the value ht(c) − ht(a). Observe that for any
tuple in the result, being a combination of t1 ∈ R1, t2 ∈ R2,
and t3 ∈ R3, the values associated sum to zero. Conversely,
for any three tuples t1 ∈ R1, t2 ∈ R2, and t3 ∈ R3 that do
not match, the probability that their associated values have
a sum of zero is at most 1/L. Thus, if L is chosen large
enough, we have that with high probability the result tuples
correspond exactly to the triples of associated values having
sum 0. These triples can be found in O(n2/m+sort(n)) I/Os
by a recent result of Baran et al. [2]. Once the triples have
been found, we remove the tuples in each relation that is not
in any triple, i.e., not part of any output tuple, and perform
the join using two binary joins. This uses O(sort(z)) I/Os,
since the intermediate result has size O(z) blocks, with high
probability.



7. CONCLUSION AND OPEN PROBLEMS
Our main result is a worst-case efficient external mem-

ory algorithm for computing k-ary joins, whose complexity
does not grow with k. Our algorithm is also much more
predictable than previous methods: Assuming that the re-
sult of the join is no larger than the input relations, a good
complexity bound for a concrete join can be computed from
the amount of data in each attribute of each relation.

In addition to having good worst-case behavior, we believe
that our algorithm is more efficient than previous algorithms
for typical joins involving many relations. It would be in-
teresting if this was investigated experimentally. In general,
our algorithm (or a more practical variant of it) could be
integrated into a normal query optimizer architecture by
evaluating execution plans in which the possibility of exe-
cuting a join of (part of) the relations using our algorithm
is taken into account.

From a theoretical perspective it would be interesting to
try to extend the results to more general relational algebra
expressions, e.g., a join followed by a projection. Finally, it
is an intriguing open problem whether our result for 3-cycles
can be extended to k-cycles, for k > 3.
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